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Using first-principles calculation within Quantum Chromodynamics, we are able to determine a
pattern of strangeness=1 resonances which appear as complex singularities within coupled piK, ηK
scattering amplitudes. We make use of numerical computation in the lattice discretized approach
to the quantum field theory with light quark masses corresponding to mpi ∼ 400 MeV and at a
single lattice spacing. The energy dependence of scattering amplitudes is extracted through their
relationship to the discrete spectrum in a finite-volume, which we map out in unprecedented detail.
Introduction: Understanding how excited hadrons are
built up from the basic quark and gluon degrees-of-
freedom of Quantum Chromodynamics (QCD) remains a
challenging problem. QCD should be able to explain the
apparent regularity of the experimental spectrum, but its
structure suggests additional “exotic” quark-gluon con-
figurations, such as those in which the gluonic field is
excited, which to date have not been unambiguously
observed in experiment. An important feature of the
theoretical challenge is that excited hadrons appear in
experiment as resonances, which ultimately decay into
pseudoscalar mesons, themselves complex aggregations
of confined quarks, antiquarks and gluons. To study res-
onances within QCD, one must explore the behavior of
the theory’s hadron scattering amplitudes at low energy,
a field of study that is still in its infancy.
Lattice QCD offers us an ab initio numerical approach
to QCD calculations; by discretizing the quark and gluon
fields on a finite lattice, and Monte-Carlo sampling pos-
sible space-time configurations of the gluon field, we can
compute correlation functions with the quantum num-
bers of hadrons. These correlators contain information
about the spectrum and interactions of hadrons.
Following Lu¨scher [1], a formalism has been derived
which relates infinite-volume hadron scattering ampli-
tudes to the discrete spectrum of hadron states in a
finite-volume. Through computation of statistically pre-
cise excited state spectra in lattice QCD we can extract
the energy dependence of hadron scattering amplitudes
and examine their resonant content. In a recent example
considering the elastic scattering of two pions [2], follow-
ing computation of the appropriate lattice QCD spectra,
the scattering amplitude was determined at 32 discrete
energy values in a 300 MeV range, demonstrating unam-
biguously the presence of the ρ resonance, whose mass
and width were extracted.
Unlike the ρ resonance, most known hadron resonances
do not decay into only one final state, rather being en-
hancements in coupled-channels; the recently derived for-
malism to extract coupled-channel scattering amplitudes
from finite-volume spectra is somewhat more involved
than the elastic case [3, 4]. In this letter we will present
the first application of this formalism to QCD, for the
particular case of piK, ηK coupled-channel scattering.
Experimentally a number of low-lying resonances ap-
pear in isospin–1/2 piK scattering: the JP = 1−,
K?(892), the strange analogue of the ρmeson, is a narrow
elastic resonance, the JP = 0+, K?0 (1430), appears as a
relatively broad resonance and the JP = 2+, K?2 (1430),
at a similar mass value, is a much narrower resonance [5].
Further, it is observed that in even-J partial-waves, res-
onances decay dominantly to piK and not to ηK.
Resonances can be rigorously defined as pole singular-
ities in scattering amplitudes when they are considered
to be functions of complex values of the scattering en-
ergy – experimentally the scattering amplitudes are de-
termined for real values of the energy above kinematic
thresholds, which may then be parameterized by analytic
functions that can be continued into the complex-plane.
One particularly important application of this procedure
concerns the JP = 0+ piK scattering amplitude at low
energy, where the use of dispersion relations provides a
particularly strong constraint when describing the avail-
able experimental scattering data, leading to a pole far
from the real axis known as the κ [6].
In this letter we will present scattering amplitudes
extracted from lattice QCD determinations of the ex-
cited hadron spectrum for the JP = 0+, 1−, 2+ coupled
piK, ηK channels. In this first calculation, we work with
light quark masses in the QCD Lagrangian somewhat
heavier than those known physically, meaning that ini-
tially our results can only be compared qualitatively with
the experimental situation. We find, as in experiment, an
approximate decoupling of the piK, ηK channels and a
rapid increase of the piK JP = 0+ scattering phase-shift
above threshold, followed by a slower rise through 90◦ at
higher energies. With light quark masses somewhat heav-
ier than the physical case, the lightest vector resonance
becomes bound and the κ pole appear to manifest itself
as a “virtual bound state”. Behavior consistent with a
ar
X
iv
:1
40
6.
41
58
v3
  [
he
p-
ph
]  
23
 O
ct 
20
14
2narrow resonance is observed in the JP = 2+ channel.
Previous lattice QCD studies limited to elastic piK
scattering in isospin–1/2 appear in Refs. [7, 8]. Refs. [8],
in calculations in a small volume with lower light-quark
masses compared to this study and without dynamical
strange quarks, found a K? above piK threshold and ex-
tracted resonance parameters.
Finite-volume spectrum from lattice QCD: We make
use of the dynamical anisotropic lattices initially de-
scribed in [9], which feature two degenerate light quarks
(u, d) plus a heavier flavor with its mass tuned to ap-
proximate the physical strange quark. In this study
the light quark mass parameter is increased with re-
spect to its physical value such that the pion mass
is 391 MeV, the kaon mass is 549 MeV and the η
mass is 589 MeV. Three spatial volumes are utilized:
163(∼2 fm), 203(∼2.5 fm), 243(∼3 fm), with a spatial
lattice spacing, as ∼ 0.12 fm.
The discrete spectrum of hadron states can be
extracted from two-point correlation functions,〈
0
∣∣Oi(t)O†j(0)∣∣0〉. We make use of two classes of
interpolating field, O†i ; the first are “single-meson”
operators, those which resemble a qq¯ construction, ψ¯Γψ,
where Γ is one of a large number of operators in spin,
color and position space [10], while the second resembles
a pair of mesons with definite relative and total momen-
tum,
(
ψ¯Γ1ψ
)
~p1
(
ψ¯Γ2ψ
)
~p2
[11]. In an L×L×L spatial
volume with periodic boundary conditions, the momenta
which appear in these constructions are quantized in
integer multiples of 2piL : ~p =
2pi
L (nx, ny, nz). More details
of the constructions and a demonstration of their efficacy
can be found in [11].
For this study we construct a basis of operators in-
cluding “meson-meson” constructions with quark flavors
corresponding to piK and ηK. A matrix of correlation
functions is built [12] using a large number of “single-
meson” operators along with several relative momentum
constructions of both piK-like and ηK-like operators. A
spectrum of states that is best in a variational sense can
be extracted from this matrix by solving a generalized
eigenvalue problem [13].
The lattice has a cubic symmetry, rather than that of
the full rotational group, so instead of being character-
ized by integer spins, independent spectra lie in a finite
number of irreducible representations, or irreps, Λ, of the
reduced symmetry. For a meson system with non-zero to-
tal momentum, ~P , the symmetry group is classified by
irreps of rotations that leave ~P invariant [10]. We com-
pute the excited state spectrum in all relevant irreps for
|~P |2 ≤ 4 ( 2piL )2 and find we can determine them with a
high degree of statistical precision in all cases. In Fig. 1
we show two examples – note that owing to the use of
the variational method of state extraction, there is ro-
bust extraction of near-degenerate states, even high in
the spectrum.
If mesons had no residual strong interactions,
the discrete spectrum in a finite-volume would be
predictable using the relativistic dispersion relation
E =
√
m21 + |~p1|2 +
√
m22 + |~p2|2 with the allowed quan-
tized momentum values given above. These volume-
dependent “non-interacting” energy levels are shown by
the continuous curves in Fig. 1, and the fact that the en-
ergy levels extracted from our lattice QCD calculations
do not lie on these curves is an indication that there
are interactions between mesons. If these interactions
are strong enough, there may be resonant behavior; to
explore this rigorously, we must determine the meson-
meson scattering amplitudes.
Scattering amplitudes: For an interacting quantum
field theory, the relationship between the discrete spec-
trum of states in an L×L×L volume, in a frame moving
with momentum ~P , for irrep Λ, can be written in a sim-
plified form as
det
[
δijδJJ ′ + iρi t
(J)
ij (Ecm)
(
δJJ ′ + iM~PΛJJ ′(piL)
) ]
= 0,
where the scattering t-matrix for partial-wave J appears
along with the phase-space in channel i, ρi(s) = 2pi/Ecm,
and the known volume-dependent functions,M [3, 4, 14].
Given knowledge of the energy-dependence of the scat-
tering amplitudes, t
(J)
ij (Ecm), one can solve this equation
for a discrete spectrum of states, {Ecm}. The practical
problem at hand, however, is the reverse of this: to find
the t-matrix given a lattice QCD calculation of the spec-
trum. For any single energy level value, Ecm, this is an
underconstrained problem as there are multiple elements
of the t-matrix to be determined from only one condition.
The approach we will take is to parameterize the
energy-dependence of the t-matrix and describe the spec-
trum as a whole. Such an approach was explored in the
context of a toy-model of coupled-channel scattering in
[3]. A flexible K-matrix parameterization of partial-wave
J , in terms of the variable s = E2cm, can be constructed
which ensures the unitarity of the S-matrix,
t−1ij (s) =
1
(2pi)J
K−1ij (s)
1
(2pj)J
+ Iij(s),
Kij(s) =
∑
p
g
(p)
i g
(p)
j
m2p − s
+
∑
n
γ
(n)
ij s
n,
where we may choose how many poles and what or-
der polynomial to include in K, with real parameters
g
(p)
i , mp, γ
(n)
ij . The function I(s) must be chosen such
that Im Iij(s) = −δij ρi(s) above threshold to ensure uni-
tarity is preserved. There is some freedom in the choice of
the real part; we choose an implementation of the Chew-
Mandelstam form [3] which has smooth behavior across
kinematic thresholds.
We use 80 levels from 20 irreps to constrain the 0+
amplitudes from slightly below piK threshold up to 1650
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FIG. 1. Discrete spectrum of cm-frame energies obtained from variational analysis of correlation matrices featuring “single-
meson” and “meson-meson” operators at three spatial volumes. Red bands are piK non–interacting level positions, green bands
are ηK non–interacting level positions. (a) ~P = [000], Λ = A+1 spectrum (dominated by J
P = 0+ with negligible contributions
from J ≥ 4). (b) ~P = [001], Λ = A1 spectrum (JP = 0+, 1−, 2+ all contribute).
-30
 0
 30
 60
 90
 120
 150
 180
 1000  1200  1400  1600
0.7
0.8
0.9
1.0  1000  1200  1400  1600 -0.02
-0.01
0
0.01
0.02
 910  920  930  940  950  960
-30
 0
 30
 60
 90
 120
 150
 180
 1000  1200  1400  1600
0.7
0.8
0.9
1.0  1000  1200  1400  1600
FIG. 2. (a) JP = 0+ amplitudes – open circles on axis show piK and ηK thresholds. Upper panel: piK and ηK phase-shifts
in degrees. Lower panel: inelasticity. Points in center show the energy levels on three volumes used to constrain the t-matrix
extraction – larger solid points show ~P = ~0, smaller open circles show ~P 6= ~0. (b) JP = 1− around the piK threshold.
Points determined directly without parameterization of the vector amplitude from three volumes: 163(boxes), 203(circles) and
243(triangles). Curve shows the result of a relativistic Breit-Wigner parameterization, p3 cot δ1 = (m
2
R − s) 6pi
√
s
g2
R
. (c) JP = 2+
amplitudes – open circles on axis show piK, ηK and pipiK thresholds.
MeV, 19 levels to constrain the 1− amplitude in the re-
gion around the piK threshold and a further 24 levels
to constrain the 2+ amplitudes between 1250 and 1700
MeV. The 0+, 2+ partial-waves are described by a sin-
gle K-matrix pole coupled to both piK and ηK plus a
constant matrix, while the piK threshold region in 1− is
described by a relativistic Breit-Wigner. We assume that
the influence of partial-waves, J ≥ 3, is negligible in this
energy region.
The resulting t-matrices are plotted in Fig. 2 – for
0+, 2+, piK and ηK phase-shifts and an inelasticity, de-
fined in tii =
(ηe2iδi−1)
2iρi
, tij =
√
1−η2 ei(δi+δj)
2
√
ρi ρj
, for channels
i = piK, ηK, are shown, while for 1− we plot the func-
tion p3 cot δ, which is real and continuous across the piK
threshold. In each case we present the χ2/Ndof for the
parameterized description of the input spectrum, which
we find to be quite acceptable.
The points shown in the center of Fig. 2(a), which
cover the whole energy region plotted, indicate that we
are strongly constraining the energy dependence of the
amplitudes; in particular note that the low-energy be-
havior of the 0+ piK amplitude is constrained by points
at or below threshold. Similarly in Fig. 2(c), the energy
dependence of the 2+ amplitude is well sampled in the
region of the rapid rise of the phase-shift. This region is
above the pipiK threshold, which can in principle couple
to the 2+ partial-wave – we have assumed here that there
is negligible coupling to this channel.
We observe that the piK phase-shifts in 0+, 2+ rise
through 90◦ suggesting possible resonant behavior, and
while this rise is rather slow in the scalar channel, it is
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FIG. 3. Pole singularities of partial-wave t-matrices in the
complex plane for JP = 0+(red), 1−(orange) and 2+(green).
Squares correspond to poles found on unphysical sheets, circle
is a physical sheet bound-state. Uncertainties include varia-
tion under changes in parameterization form.
rapid in the tensor, indicating a likely narrow resonance.
The extracted inelasticities do not deviate significantly
from unity corresponding to an approximate decoupling
of the ηK channel from piK. The ηK amplitudes are
found to be weak and repulsive.
The 1− amplitude around the piK threshold, shown in
Fig. 2(b), has the behavior expected of a bound-state,
with the parameterization crossing zero below threshold.
The energy dependence of the amplitude can be well de-
scribed by a Breit-Wigner form, with a resulting mass of
mR = 933(1) MeV, constrained by the zero-crossing, and
coupling of gR = 5.93(26), constrained by the slope.
Resonance poles: We may now analyze the singularity
structure of our parameterized t-matrices by analytically
continuing them to complex values of s. A general feature
of relativistic scattering is that the square-root branch
cut present in the phase-space leads to a multi-sheeted
structure for scattering amplitudes. The usual approach
is to place the branch cuts along the real axis beginning at
kinematic thresholds and running out to positive infinity.
Physical scattering occurs just above these cuts on the
first Riemann sheet, sheet I, where in our two-channel
case, Im ppiK>0, Im pηK>0. Resonance poles lie on the
“unphysical” sheets reached by passing through the cuts,
at pole positions which may be expressed in terms of a
“pole mass” and “pole width”,
√
s0 = m− iΓ/2. Bound-
states may appear as poles on the physical sheet on the
real axis below threshold, while poles on the real axis
located on unphysical sheets are interpreted as “virtual”
bound-states.
In Fig. 3 we present the pole singularities found for the
parameterizations given previously. As expected from
the relatively slow increase through 90◦ in the piK 0+
phase-shift, we find a K?0 resonance pole with a large
width. A pole is present in this vicinity for a range of pa-
rameterizations (not presented here) capable of describ-
ing the finite-volume spectrum, and the uncertainty on
the pole position shown in Fig. 3 includes such varia-
tion. In the 2+ case the rapid rise in phase-shift is due
to a K?2 resonance pole at a slightly higher mass with a
much smaller width. Both resonances have a dominant
coupling to piK extracted from the residue of the pole.
The 1− amplitude has a bound-state pole just below piK
threshold. The 0+ amplitude has another pole which lies
on the real axis some way below piK threshold. The 1−
pole is the only one lying on the physical sheet, the oth-
ers lie on both sheet II where Im ppiK<0, Im pηK>0 and
sheet III where Im ppiK<0, Im pηK<0.
The extracted poles are comparable to those found in
experiment; the broad scalar and narrow tensor reso-
nances resemble the K?0 (1430) and K
?
2 (1430) experimen-
tal states respectively, although the scalar state appears
to have a somewhat larger width. The heavy (u, d) quark
masses result in a bound-state with JP = 1− within a
few MeV of piK threshold, where experiment finds a nar-
row elastic scattering resonance. It is our expectation
that the K? vector bound-state will become a resonance
as the light quark mass is decreased, with the observed
proximity to the piK threshold being an accident of the
particular quark mass value used in this calculation. We
note that the Breit-Wigner coupling extracted above,
gR = 5.93(26), is in quite reasonable agreement with the
value gphysR = 5.52(16), corresponding to the experimen-
tal width [5], in line with the theoretical suggestion that
vector meson couplings are largely quark-mass indepen-
dent [15].
Our observation of a 0+ pole below threshold on un-
physical sheets agrees with the qualitative prediction of
unitarized chiral perturbation theory that as the pion
mass is increased above its physical value, the κ reso-
nance pole becomes a virtual bound state [15].
Summary: Through lattice QCD computation of dis-
crete excited state spectra in finite-volumes we have been
able to determine coupled-channel scattering amplitudes
via parameterizations of their energy-dependence. The
singularity structure of these amplitudes was then ex-
plored. This calculation serves as a demonstration that
using these techniques it is possible to extract informa-
tion about not only narrow resonances and bound-states,
but also broad resonances and non-resonant features such
as virtual bound-states.
To compare quantitatively with experiment we would
need calculations at the physical light quark mass, but
the energy region of interest would then be above three-
hadron (and higher multiplicity) thresholds. Formalism
to relate finite-volume spectra to scattering amplitudes
is not currently mature enough to be applied in that sit-
uation, although significant progress is being made [16].
While in this case relatively little coupling was ob-
served between the two scattering channels, there are
hadron scattering situations in which strong coupling is
anticipated, such as (piη, KK) in which the a0(980) res-
onance appears, and the isoscalar channel (pipi, KK, ηη)
5whose resonance structure and interpretation poses a
number of questions for QCD. Building on the successful
application of the finite-volume formalism for coupled-
channels presented in this letter, we will consider these
more strongly coupled systems, move to lighter quark
masses, and explore states in exotic partial-waves.
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